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IMPERFECTION-SENSITIVITY OF A WIDE INTEGRALLY
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Abstract-The initial post-buckling behaviour is determined for an integrally stiffened wide panel under com
pression. Overall buckling of the panel as a wide Euler column and local buckling of the plates between the
stiffeners are considered.

Designing the panel so that the critical bifurcation load is the highest possible for a given amount of material
per unit width tends to lead to a structure in which Euler-type buckling and local buckling occur simultaneously.
It is shown that such a panel is very sensitive to geometrical imperfections. Thus, the critical bifurcation load
cannot be reached in a practical structure and the two-mode design may not be optimal.

INTRODUCTION
IN COMPRESSION members containing thin plates, both local buckling of the plate elements
and Euler-type buckling of the whole structure can occur. It has occasionally been sug
gested that optimum design of such structures is obtained when general buckling and local
buckling occur simultaneously. However, as stated by Koiter [1], this is questionable,
since interaction between the two independent buckling modes may result in an im
perfection-sensitive structure.

An investigation of the interaction between local buckling and column failure has
been made by van der Neut [2]. He considered a simplified model of a column consisting
of two load carrying flanges connected by webs, which are rigid in shear and laterally but
which have no longitudinal stiffness. Thus in this model, the two load-carrying flanges
behave exactly like a simply supported plate in compression. This model proved to be
strongly imperfection-sensitive in the vicinity of the "optimal" design. Very recently
Koiter and Kuiken [3] have treated the same problem by application of the general non
linear theory of elastic stability, and Thompson and Lewis [4] have calculated optimal
designs of idealized columns with imperfect flanges.

In the present paper, the initial post-buckling behaviour of a wide, integrally stiffened
panel subject to compression is determined. Here, there are the possibilities of buckling
of the whole panel as a wide Euler column and of local buckling of the plate between the
stiffeners. Special attention is directed to cases in which the two buckling modes occur
simultaneously, with a view to further establishing the imperfection-sensitivity that may
be inherent in such "optimal" designs.

l. NONLINEAR EQUILIBRIUM EQUATIONS

We consider (Fig. 1) a panel that is infinitely wide in the y-direction, with a constant
spacing b between the stiffeners and the distance a between the simply supported edges.

177



178 VIGGO TVERGAARD

FIG. 1. Part of plane, integrally stiffened panel.

The plate thickness is h and the eccentricity e of the stiffeners is taken as positive in the
z-direction.

We take into account the torsional stiffness of the stringers but neglect their tangential
bending stiffness. For a cylindrical panel under axial compression, Koiter [5] neglected
both these contributions and discussed the approximations made. For the same structure,
the influence of torsional stiffness has recently been calculated by Stephens [6].

The membrane strains of the plate are taken to be

ex = u,x+!w,;

ey = V,y +tw,;
"xy = -!(u,y+v,x)+-!w,xW,y

(1.1)

where u, v and ware the displacements of the middle surface in the x, y and z directions,
respectively, and the bending strains are given by

(1.2)

The bending strain in a stiffener is taken to be the same as in the plate, W'xx' and the axial
strain of the neutral axis is taken to be

(1.3)

The last term on the right-hand side of (1.3) is due to the rotation of the stiffener around its
line ofattachment to the plate. Here, we have neglected all nonlinear effects of the tangential
displacements of the plate middle surface, as is traditionally done in the expressions (1.1).

The usual stress-strain relationships are assumed for the plate

Eh
N x = -12(ex +vey),

-v

Eh
N xy = -1-eXY '+v

M x = D("x+v"y)

(1.4)
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and for a stiffener

179

(1.5)

Here E, D and G denote Young's modulus, the plate bending stiffness and the shear
modulus, respectively, and subscript s refers to a stiffener.

Using the calculus of variations, the internal virtual work in one plate section can be
written as

+ J: [Nxybu+Nybv+( -My,y-2Mxy,x+Nxyw,x+Nyw,y)bw+Mybw'Y]~~~~/2dx

f
bl 2

+ [Nxbu+ Nxybv+( -Mx'x- 2Mxy,y+Nxw,x +Nxyw,y)bw
-b12

+ Mxbw,x]~~o dy+ [[2Mxybw]~~~~d~~o.

The internal virtual work in a stiffener is

(1.6)

= f: [-Ns'xbu+(Ms'xx-eNs'xx-Ns'xw'x-Nsw'xx)bw

+( -Mvs,x-e2Ns,xw'Xy-:-e2Nsw'xxy)bw,y)bw,y] dx

+ [Nsbu +(- Ms'x +eNs'x + Nsw,Jbw

+(Mvs +e2Nsw'xy)bw,y+(Ms-eNs)bw,x]~~o·

(1.7)

The internal virtual work in the whole structure is supposed to be equal to the external
virtual work of prescribed surface and edge loads for all bu, bv and bw that do not violate
boundary conditions. Thus, as loads are only applied on the edges, the equations of
equilibrium for the plate are found by equating the coefficients of bu, bv and bw to zero in
the surface integral of equation (1.6). The four conditions of equilibrium at a stringer are
obtained by equating the coefficients of bu, bv, bw and bw,y to zero in the line integral along
the stiffener, composed of contributions from the two plate sections meeting here and
from the stiffener. We must further require continuity of the functions u, v, wand W,y at
the stiffener.

Expressing the resultant membrane stresses by means of an Airy stress function

N x = F,yy, (1.8)
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the equations of equilibrium in the middle plane are satisfied identically. Then the normal
displacement w(x, y) and the stress function F(x, y) must satisfy one equilibrium equation
and one compatibility equation

(1.9)

1 IJ.IJ.F
Eh

(1.10)

where IJ. is the Laplacian operator. Written in terms of wand F, the eight discontinuity
conditions at a stiffener are (+ denoting the side of the stiffener in the positive y-direction
and - denoting the other side):

where

F,:x-F,-;,x = 0

-F,:y+F,-;'y+Ns,x = 0

- D(w,;yy - W,~yy)+eNs,xx - EsIsw,-;'xxx +Nsw,-;'x = 0

D(w,;y-w;;")+GsKsw,;xx+e2Nsw'-;'Xy+e2Ns,xw,-;'y = 0

F,;y F,;y = 0

(2+v)F,:xy+F,;yy-(2+v)F,-;'xy-F,;yy = 0

w+ -w- = 0

+ - 0W,y-W,y =

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)Ns = EsA{;h(F,;y-VF,-;'x)-ew,-;'x+te2w;~;J
In the infinitely wide panel, the solution must be periodic in the y-direction. For the

tangential displacement v this is enforced by the additional condition

where integration is made over one whole period.
Boundary conditions at the simply supported edges can be taken to be

w w'xx = F = F,xx = O.

2. CLASSICAL BUCKLING

(1.20)

(1.21)

An infinitely wide plate without stiffeners has the buckling mode w(x, y) = sin(n:xfa).
When stiffeners are attached to the plate, the mode still resembles this Euler buckling mode
as long as the stiffeners are relatively weak, and it is periodic with one period equal to the
spacing between the stiffeners. However, when the stringers are sufficiently stiff, the plate
buckles locally between the stiffeners before overall Euler-type buckling takes place. In
this case, one period is equal to twice the spacing between the stiffeners.
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Prior to buckling, the stress state is taken proportional to a stress state consisting of a
constant resultant axial membrane stress N~ in the plate and a constant force N? in the
stiffeners. The other membrane stresses, the moments and the transverse deflections are
identically zero.

Now we write the normal displacement and the stress function as W = We and
F = AeFo+ Fe, where the term added to Fe accounts for the prebuckling solution for the
perfect structure. The classical buckling equations are obtained by substituting these
expressions in equations (1.9H1.18) and then linearizing the resulting equations with
respect to We and Fe. The linear buckling equations are

and the corresponding discontinuity conditions at the stiffeners have the form

Fe;xx-Fe~xx = 0

- Ft,xy +Fe~xy+EsAs(;h (Fe~yyx - VFe~xxx)-ew~xxx) = 0

-D(we;yyy - We~yyy) +e(Fe;""y - Fe:xx)- EsIswe~xxxx+AeN~we~x" = 0

D(we;yy-we:yy)+GsKswe~yxx+AeN~elwe~XXY = 0

Fe;yy-Fe~yy = 0

(2+v)Fe;xxy+F';;m-(2+v)F~xxy-F':;m = 0

we+ -w; = 0

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

Having the simple support boundary conditions (1.21) at the edges x = 0, a, we look
for solutions in the form

We(x, y) = W(y) sin kTtx
a

Fe(x, y) = f(y) sin kTtx
a

(2.ll)

(2.12)

(2.13)

where k is a positive integer. In the infinitely long periodic structure, the critical deflection
function We and the stress function Fe for every plate section between two stiffeners are
symmetric in y with respect to the centre of the section (Fig. 1). Using this, we find that
the solutions (2.11) and (2.12) take the form

We = (c 1 cosh(rly)+c2 cos(r2Y» sin kTtx
a

(
by . bY). kTtxFe = c3 cosh-+c4ysmh- sm-

a a a
(2.14)
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In the local coordinate system of the next plate section, taken in the positive y-direction,
the same expressions apply, but here, instead of CI' C2 ' C3 and C4 , we denote the constants
Cs , C6 , C7 and Cs ' Substituting these expressions for We and Fe in the discontinuity con
ditions (2.3H2.10), we obtain eight linear, homogeneous equations for the constants
C I' C2, ... , cs (Appendix). The critical buckling load Ae is the smallest value of the param
eter A, for any integer value of k for which the determinant of the coefficient matrix
vanishes.

Euler-type buckling occurs at k = 1, with identical modes for all plate sections be
tween two stiffeners. Thus, the constants CI' C2, C3 and C4 are identical to cS, C6 ' C7 and
cs , respectively, for this mode.

The smallest local buckling load usually occurs for an integer value of k close to the
value of a/b. In the corresponding mode, the stress function Fe disappears identically, and
the constants CI and C2 are identical to -Cs and -c6 , respectively.

3. INITIAL POST-BUCKLING THEORY

The general theory of initial post-buckling behaviour of elastic structures has been
developed by Koiter [7, 8]. It is essentially a perturbation technique, which relies on the
principle of stationary potential energy. For the special case of linear pre-buckling be
haviour, Koiter's theory has been presented in a very convenient manner for applications,
by Budiansky and Hutchinson [9-12]. In the present section, we shall just recall some of
the main results of the theory, using mostly the notation of Ref. [9].

Generalized loads, stresses, strains and displacements will be denoted q, (J, e and u,
respectively. The internal virtual work of a stress field (J through a strain field be for a
structure is conveniently abbreviated in the form {(J, be}. The stress-strain relation and
the strain-displacement relation are written

(J = HI(e)

e = L I (u)+tL2(u)

(3.1)

(3.2)

where HI and L I are linear, homogeneous operators and L2 is a quadratic, homogeneous
operator. A bilinear, homogeneous operator L ll is defined by the identity

(3.3)

When AUo is the pre-buckling displacement, and n linearly independent buckling modes
U~I), U~2>, ... are associated with the critical value Ae of the load parameter, the complete
displacement of the structure can be written as

n

U = AUo+ L ~iU~i)+U
i= I

(3.4)

(3.5)

where the parameters ~i determine the amounts introduced of the corresponding buckling
modes. The buckling modes are taken orthogonal to one another in the sense

{ L ( i) (j»)} 0 r . -J. •
(J 0, II Ue ,Ue =, lor I r J



(3.9)

(3.11)
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where Uo = H l(Lt(uo)), and the additional displacement u is orthogonal to each of the
buckling modes.

If only a single mode is associated with Ac' and the additional displacement is written
as u= e2U2 +O(e3), the following equilibrium equation relates the buckling mode am
plitude eto the load parameter A

(1-AjAJe+ae2+be3+ ... = ,A ~ (3.6)
lAc

where the right-hand side gives the lowest order influence of the geometrical imperfection
U = ~uc of the unloaded structure. The constants are given by the expressions

a = t{UC , L 2(uc)} (3.7)
-A.c{uo, Lz<uc>}

b = 2{uc, Lll(uc, U2)} + {0'2' L2(uc)} (3.8)
- Ac{ 0'0' L2(uc)}

where O'c = H t(Lt(uc)) and 0'2 = H 1(L t (u2) +!L2(uc)). The structure is imperfection
sensitive if either a ::f 0 or a = 0, b < O. Formulae for the maximum value A* that the load
parameter can reach in these cases are given in the references mentioned above. In the
case a = 0, the relation between post-buckling and pre-buckling stiffness of the perfect
structure is

K = [1- {O'o, L;z(uc)} ]-1
2Acb{0'0, L 1(uo)} .

If there is more than one mode associated with Ac, the equilibrium equations relating
A to the n buckling mode amplitudes ~I are

[{
~ J' (I) ( ~ (I) w)}ei1-AjAc)+ 1~1 ':,IO'c ,L11 ;~ eluc ,Uc

+~{0'~),L2ttt elu~Q)} J/(-Ac{O'o,L2(U~j»)})+ ... = ~c~j forj = 1,2, ... ,n. (3.10)

The generalized load-deflection relation for a perfect multimode structure is

~ = ~_! i er {AcO'o, L;Z(U~I»)}
Ac~o Ac 2;=1 {A.cuo,L1(AcUo)}

where the generalized displacement ~ = {uo, L 1(u)} has the property that M is the drop
in potential energy of the external load.

4. TWO SIMULTANEOUS BUCKLING MODES

When a stiffened panel made ofa given amount ofmaterial per unit width is designed so
that the critical bifurcation load is the highest possible, Euler-type buckling and local
buckling will usually occur simultaneously at the critical load. This can be explained by
the following argument: when the plate thickness is increased by taking material from the
stiffeners and adding it to the plate, the critical load for local buckling is increased and the
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critical load for Euler-type buckling is decreased, at most practical combinations of
parameters. Thus, the panel with the highest critical bifurcation load usually has simul
taneous buckling modes.

The Euler-type buckling mode is denoted W~I), F~I) and the local buckling mode is
denoted W~2), F~2). Both modes are normalized so that the maximum normal deflection is
equal to the plate thickness (i.e. C I +c2 = h).

As an example, we carry out a quantitative analysis for a panel defined by the following
parameters: alb = 4, elb = 5.10- 2, EslE = 1, Aslb

2 = 4.10- 3
, Islb

4 = t. 10- 5
, Kslb

4

= 16.10- 7 and v = 0·3. This panel has two simultaneous buckling modes when
hlb = 0.8800.10- 2 and the corresponding critical value of the load parameter is Ae =
97·44Eh3I( - N~a2). Thus, for the panel under consideration, the ratio between the amount
of material in the plate and that in the stiffeners is hblAs = 2·2 and the ratio between the area
moment ofinertia of the cross-section of the plate and that of the stiffeners is I12bh 3lIs = 0·017.

As the solutions are periodic in the y-direction, we need only carry out integrations
over a section ABeD of the panel (Fig. 1). Integrating over this part of the structure, we
easily verify the orthogonality (3.5) between the two buckling modes. In order to find the
coefficients of the algebraic equations (3.10), we evaluate the following integrals

-Ae{ao,L2(u?»)} = -Ae{2 J: J:1
2N~(w~~2)2dydx+J: N~[(W~~2)2]Y;bI2dX} (4.1)

-Ae{ao,Liu~2»)} = -Ae{2 J: J:1

2N~(w~;2)2dydx+ J: N~[e2(w~;1/]Y;bI2dX}(4.2)

f
a fbl2

{ a(l) L (ul l»)} = 2 (F(I) (W(I»)2_2F(I) W(I)W(I)
c , 2 C ,'yy C'X c'xy C'X "y

o 0

+ F~~1x(w~~~)2) dy dx + f [EsAs{E~ (F~~~y - vF~~1x)

-ew(l) }(W(I»)2J dx (4.3)C'xx C'X
y;bl2

f
a fbl2

{ ,...(I) L (U(2»)} = 2 (F(I) (W(2»)2 - 2F(I) W(2)W(2) + F(I) (W(2»)2) dy dx
v c , 2 c c'yy c'x c'xy c'x C'Y C'xx C'Y

o 0

f
a[E A { 1 (F(I) F(I) ) (1)} 2( (2) )2J d+ s s Eh e'yy-V <,xx -ewe,xx e We'xy X
o y;~2

{,,-(1) L (U(1) U(2»)} = {,...(2) L (U(1»)} = {a(2) L (ul2»)} = {a(2) L (U(I) U(2»)} = 0vc' 11 C , C Vc , 2 C C , 2 C C' 11 C , C •

(4.4)

(4.5)

Inserting the expressions (2.13) and (2.14) for the buckling modes in equations (4.1H4.4)
and carrying out the integrations, we find that the equilibrium relations (3.10) between A,
~I and ~2 are

(4.6)

(4.7)
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where the non-dimensional coefficients are

dt = H(j~1), L2(U~1)}/{ -A~(jo, L2(U~1)} = -0·0193 (4.8)

d2 = HlT~1), L2(U~2»}/{ -A~lTO' L2(U~1»} = -0·6731 (4.9)

d3 = {(j~1), Liu~2»}/{ -A~(jO' L2M2»} = -0·1138. (4.10)

For the perfect panel (~1 = ~2 = 0), the post-buckling variation of eland e2 with A is
found by solving equations (4.6) and (4.7) with respect to el and e2

(4.11)

(4.12)J(d3 -d1)( A)
e2 = ± d2d~ 1- A~ .

These post-buckling branches are shown in Fig. 2, and we recall that el or e2 equal to
unity means a maximum deflection equal to the plate thickness.

-2 -1 0 2 l;
1

..L
AC" /, ,
1 "

-2 -1 0 2 l;
2

FIG. 2. Dependence on load of mode deflections.

For the perfect panel, the generalized displacement in equation (3.11) corresponds to
the average reduction of distance between the edges of the panel. Substituting equations
(4.11) and (4.12) in equation (3.11) and evaluating the integrals, we find the following load
compression relation for the panel in consideration

Ll A (A)2All =).+4.5687. 1-;:-.
c 0 c c

(4.13)

The initial part of this curve is shown in Fig. 3.
When imperfections are present only in the shape of the Euler buckling mode (~l > 0,

~2 = 0), ~ 1 grows with increasing). according to

(4.14)

while the parameter e2 remains equal to zero until the coefficient of ~2 in equation (4.7)
disappears. At this point, bifurcation in the shape of the local buckling mode occurs and
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1. 2. A

Act.o

(4.15)

(4.16)

FIG. 3. Relationship between load and compression for a perfect panel.

the equilibrium load falls, with deflections occurring in both modes. The maximum value
A* ofthe load parameter can be found from the equation

(
A*)2 d~ _ A*

l- y +d_d~IY=O.
c 3 1 c

When there are also imperfections in the shape of the local buckling mode (~2 "# 0),
we find, by eliminating ~1 from equations (4.6) and (4.7), the following relation between A
and ~2

( A)2{ 2( d3
) - ( d3

) -2}A
c

~2 1-d
l
+2~2~2 1-

2dt
+~2

A{2(d3 d~ f ) (d3
)}+A

c
2~2 d

1
-1- 2d

1
'-I -2~2~2 1- 2d

1

+ {~~(1-~:) +~1d~~2} = O.

This equation and the condition dA/d~2 = 0 give an expression analogous to (4.15) for the
maximum load parameter A*. However, as this expression becomes considerably more
complicated than (4.15), we have preferred to determine A* from a plot of A against ~2'

The results shown in Fig. 4 indicate that the panel is more sensitive to imperfections in the
shape of the local buckling mode than to imperfections in the shape of the Euler buckling
mode.

All the preceding calculations have been made for one particular geometry of the
panel. Now the influence of the eccentricity of the stringers can be illustrated by calculating
the slopes of the branches at the bifurcation point (analogous to those shown in Fig. 2)
as a function of the parameter e/b, still choosing the plate thickness so that the two buckling
modes coincide and keeping all other parameters unchanged. The curves in Fig. 5 show
that for values of e/b equal to about i and equal to zero, a higher order analysis would be
necessary to investigate imperfection-sensitivity. However, the interval 0 < le/bl < i is
representative of a large range of practical structures, where the behaviour is qualitatively
as illustrated by the example chosen above. From Fig. 5 we see that the number of half
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1. ,..---.....---,-------.----r-----,

L
AC

.8

.6

.4

.2

.6.4.2
Ol-----'-----''-----'-----I.----'

o

FIG. 4. Carrying capacity of imperfect panel.

waves of the local buckling mode corresponding to the smallest critical load changes at
two values of e/b. In these special cases there are three operative buckling modes. How
ever, this will not be further discussed here as the behaviour in this three-mode case is not
expected to differ significantly from the behaviour in the two-mode case just discussed.

5. A SINGLE BUCKLING MODE

In this section we shall determine the initial post-buckling behaviour of a panel with
only a single critical buckling mode. For given values of all other parameters than the plate

.3.2

- - - - Euler mode

--- local mode

d(l.)
2k
d ;i

2.

1.

0

-l,

-2.

-3.

0 .1 i
FIG. 5. Slopes of the equilibrium branches at the bifurcation point for different values of the eccentricities

of the stiffeners. The special case e/b = 0·05 is identical to the case shown in Fig. 2.
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thickness, the two-mode case discussed in Section 4 takes place at one particular value ho
of the plate thickness. For thicknesses smaller than ho, local buckling occurs first, while
for greater thicknesses, Euler-type buckling occurs first.

In order to find the coefficient b in the asymptotic expansion (3.6), we must calculate
a higher order contribution to the displacement field after bifurcation. In the vicinity of the
bifurcation point we write the solution of our problem as the expansion

(5.1)

Substituting this expansion in the nonlinear equations (1.9) and (1.10), we find the following
equations for the second order contributions W2 and F2

The linear boundary conditions are derived in the same way from equations (l.llH1.21),
but we shall omit the expressions here. We must further require that no more than the
prescribed load AN? is applied to the ends of the stiffeners. Consequently, we have to make
sure that the force N s2 , given by the expression

{
II2 2 }N s2 = EsAs Eh(F2,yy-vF2,xx)-ew2,xx+re Wc,xy (5.4)

vanishes at x = 0, a. Here the last term on the right-hand side is different from zero in the
case of local buckling.

As the right-hand sides in the linear boundary value problem are symmetrical about
all planes of type y = 0 and y = b/2 (Fig. 1), the solutions W 2 , F2 will have the same
property. The boundary value problem is solved numerically by taking w2(x, y) and
F2(x, y) as sine-series in the x-direction and using a finite difference method to determine
the y-dependent coefficient functions of the series.

1.

b

0
~

\
-1.

.9 1-
h/h O

.8.7.6
- 2. L----'~---'-_--'- _ __'__.1J

S

FIG. 6. Post-buckling coefficient b when local buckling occurs first
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In the examples calculated below, the numerical values of all parameters except the
plate thickness are chosen equal to the values used in the example in the last section.

When local buckling occurs first, we find that the coefficient a of the asymptotic ex
pansion (3.6) disappears identically, and the coefficient b varies as shown in Fig. 6. When
h/ho < 0·93 the panel can carry more axial compression than the load corresponding to
local buckling. Above this range the panel becomes still more sensitive to imperfections
in the shape of the buckling mode as h/ho tends towards unity. The constant K in equation
(3.9) gives the relation between the slope of the tangent to the post-buckling curve at the
bifurcation point and the slope of the pre-buckling curve. For different values of h/ho such
tangents are shown in Fig. 7.

.5

.9

.94

FIG. 7. Tangents to post-buckling curve at bifurcation point for the values of h/ho indicated in the
diagram.

When Euler-type buckling occurs first, the coefficient a has the values given in Fig. 8.
For h/ho equal to unity, the value of a is equal to the value of d 1 in equation (4.6). As the
values obtained for a only indicate a rather weak sensitivity to imperfections, the second
order analysis has also been carried out. This analysis gave the values of b shown in Fig. 8
and thus no significant contribution compared with the first order analysis.

b

-.01

-.02
1. 12 1.4 1.6 1.8 1l. 2.

hO

FIG. 8. Post-buckling coefficients a and b when Euler buckling occurs first.
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It should be emphasized that for values of hlho close to unity, the single mode initial
post-buckling analyses are only adequate in the immediate vicinity of the critical bi
furcation point. As discussed by Koiter [13] this is due to the presence ofthe other buckling
mode corresponding to a buckling stress only slightly above the critical stress, with a
nonlinear coupling between the two buckling modes.

CONCLUSIONS

The initial post-buckling behaviour of a wide, integrally stiffened panel has been
determined. It has been demonstrated that a panel designed so that the critical bifurcation
load for the perfect structure attains a given value with a minimum use of material is
usually very sensitive to geometrical imperfections. Thus, as imperfections cannot be
avoided in practical structures, one has to take into account such irregularities before
being able to find a real optimum design.
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APPENDIX

Solution of eigenvalue problem

To determine the critical10ad and the buckling mode, we find by the method outlined
in section 2 eight linear, homogeneous equations

8

L g,Fi = 0, for i = 1,2, ... ,8.
j= 1

The coefficient matrix has 64 components, 28 of which are equal to zero. The remainder
are given by the following expressions, where according to equation (2.15), r 1 and r 2

depend on ..I.e

knb
g13 = -g17 = cosh 2a

b. knb
g14 = -g18 = 2smh 2a

. knb knb knb
g28 = smh-

2
+-2 cosh---

a a 2a

(
kn)3. knb

g33 = g37 = e - smh-
a 2a

(
kn) 2(. knb knb k7!b)

g34 = g38 = e - smh-
Z

+-cosh-
a a 2a 2a

3' rIb
g35 = Dr1 Stnh T
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2 r2b
g46 = -Dr2 COS 2

gS3 = -gS7 _(kn)2 cosh knb
a 2a

gS4 = -gS8 = - 2kn cosh knb _~(kn)2 sinh knb
a 2a2a 2a

g63 = g67 (kn) 3 sinh knb (1 +v)
a 2a

g64=g68 = _(kn)2 sinhknb(1_V)+~(kn)3coshknb(l+v)
a 2a 2 a 2a

rIb
-cosh

2

r2b
-cos

2

By equating the determinant of the coefficient matrix to zero, we find a rather com
plicated transcendental equation for the critical load parameter Ac • The equation is solved
numerically by a systematic search for the lowest zero point.

(Received 24 January 1972; revised 20 March 1972)

A6cTpaKT-OnpetleJllleTClI Ha'laJlbHOe nOBetleHHe B 1aKpHTH'IeCKOli 06JlaCTH tlJlll nOJlHOCTblO yCHJleHHOH,

WHPOKOH naHeJlI1, notl BJlHlIHHeM CJKHMaeMOH Harpy1KH. !-1cCJletlYIOTclI nOJlHOe BbmY'lHBaHl1e naHeJll1,

B CMI1CJle WI1POKOH KOJlOHHbl 3liJlepa, H TaKJKe MeCTHoe Bbmy'lHBaHHe nJlaCTHHOK MeJKtlY pe6paMI1 JKeCT

KOCTI1.

PaC'IeT naHeJlI1 npHBOtlHTClI tlJlll CJletlYlOwl1x npeJIlloJloJKeHl1li: Kpl1TI1'1eCKall Harpy1Ka 6H(j>ypKal.\l1l1

Hali60JlbWa H1 Bcex B01MOJKHblX tlJlll 1atlaHHOrO KOJlH'IecTBa MaTepHaJla Ha etll1HI1UY Wl1pl1HbI, 'ITO npltBO

tll1T K KOHCTpyKUI1I1, B KOTopoll nOTepa YCToll'lI1BOCTH no 3liJlepy H MeCTHoe BbmY'lI1BaHl1e npmtCXOtlllT

OtlHOBpeMeHHo. YKa1bIBaeTClI, 'ITO TaKall naHeJlb O'leHb 'IyBcTBHTeJlbHa K reOMeTpH'IeCKI1M HeTO'lHOCTlIM.

3aTeM, Kpl1TI1'1eCKall HarpY3Ka 611(j>YPKaUHH 'He MOJKeT 6bITb tlOCTHJKeHa tlJlll npaKTH'IeCKOli KOHCTpyKUI1I1.

!-1cCJletlOBaHl1e tlBYX (j>OPM pac 'leTa He BCertla OKa1bIBaeTClI paC'IeTOM Ha onTI1MyM MaTepl1aJla.


